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1. Introduction
2. Renormalization

It is well known that perturbative Quantum Field Theory (QFT) should be renormalized
since its UltraViolet (UV) divergent in loop Feynman integrals should be absorbed into
the redifinition of parameters and fields in the Lagrangian. The so-called bare Lagrangian
turns into a renormalized Lagrangian and all of the physical quantities are free of UV
divergent contributions in any order of perturbation theory. The most widely used method
to perform renormalization order by order in a consistent way is to introduce counterterms
following the general Bogoliubov-Parasiuk-Hepp-Zimmmermann (BPHZ) renormalization
scheme. The UV counterterms are fixed by renormalization conditions as well as the way
of renormalization group running for the corresponding renormalized parameters.

In the electroweak theory, a so-called on-shell renormalization scheme [1,2] is frequently
used to make sure the renormalized parameters (such as masses of particles My, Mz, My
and Mjy) be equal to the physical parameters. The on-shell renormalization condition
gurantees that the renormalized parameter mp is defined as the real part of the two-point
self-energy function Y(p?) and the bare parameter mg via

mgs = _Rez(pz)’ﬁ:mgs + m(z)v (2'1)



and the wavefunction renormalization constant 6 Z,, for field is defined as the real part of
its first derivation

6Zos = —ReX (p*) | p2—mz. - (2.2)
It means that

ReX o5 (p?) 22, = O,ReE’OS(pQ)]pgzmgs =0, (2.3)

lp
which requires both loop diagrams and UV counterterms contribute to ¥,s(p?). The ad-
vantage of working in on-shell scheme in perturbative computation is to avoid calculating
the Feynman diagrams with the loop corrections to external legs since the renormalization
condition gurantees that the contribution of these diagrams will cancel with those from the
UV counterterm corrections to external legs order by order. We will demonstrate this fact
in the following context of this section.

Let us start from the well-known Lehmann-Symanzik-Zimmermann (LSZ) reduction
formula [3] to calculate the scattering amplitudes. It reads

(k1,...,kpout|py, ..., pmin)

n . m 2 2
i(k? —m2,) i(pf —mgs)
= - - G(k‘l,...,k‘ y—P1y--.,—D )|k.2: 2 n2—m2 ,(24)
21:[1 (277)3205 =1 (27r)3205 n Mk =mgs,p;=mgs
where the Green function G(k1, ..., kn; —p1,..., —DPm) can be graphically represented as
P1
. k1
G(kl,...,k}n;—pl,...,—pm>: . . (25)
. kn

Pm

The LSZ reduction formula (2.4) is valid in both bare Lagrangian and renormalized La-
grangian, and the scattering amplitude should be the same. With the bare Lagrangian, the
Green function in the rhs of Eq.(2.4) are experessed in bare parameters, while the renormal-
ized parameters are understood if the rhs is computed with the renormalized Lagrangian.
The Green function is understood as the correlation function (0|7 (¢o(z1) - - - do(@ntm))|0)
where ¢ is the bare filed but the correlation function is calculated in the specfic Lagrangian.
We have the vacuum to single-particle transition amplitude

(kl¢ol0)o = (k|#R|O) R,
(k|$0|0)r = /Zr(k|or|0)r = /Zr(k|¢0|0)o, (2.6)

where the symbol (k|¢0|0) r denotes the expectation value of filed ¢q is calculated with the
renormalized Lagrangian L and the corresponding wavefunction renormalization constant



is Zr. With the bare Lagrangian, the rhs of Eq.(2.4) is
i(pj )
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The Green function Go(ki,. .., kn; —p1,..., —Pm) should have the diagram with two-point
self-energy function (p?) inserted at the external legs

D1
kq

Go(k1>~'-7kn;_p1,...’—pm) ~ ®
. kn
Pm
7
= S 0?)Cor (Kl i —D1s e D),
p%—m%( (p1))Go (k1 n; —P1 Dm)
where Go1(ki,...,kn;—p1,...,—pm) is the Green function without loop corrections on

external legs and Y(p?) consists of all one-particle irreducible (1PI) two-point Feynman
diagrams. In general, we have

GO(kla"'7kn;_p17"'7_pm)N P (p% 2) GOl(klv"'7kn;_p17"'7_pm)7
P — m0+2(p>

after taking Dyson-summation. In order to keep unitarity, the imaginary part of ¥(p?) is
vanishing because the external particle is stable. With the Talyor expansion relation

2(p1) = 201 p2omz, + 0 = M) (D7) p2=m2, + (T — m5)*S2(p}), (2.8)

we have

2_m2
GO(kla"'akn;_pla"'7_pm) ~ (pl 0) GO,I(kly"'7kn;_pla--

(P —m3) (1 = 0Zos + (p] — m3,)X2(p1))

We can transfer the bare Green function Go1(k1, ..., kn; —p1, ..., —Pm) into renormalized

Green function

2

2
G0,1<k17 ceey kna —DP1--- _pm) = (ZOS) 1%6:05(]?1, ceey knv —D1s-- -, _pm)7(210)
1

because of the pole of the external legs in Green functions and the definition of the Green
functions. We can derive the above expression in the following. By definition, we know

Gos(kb oo kyy=p1, _pm) = <0|T(¢0(k1)> ceey CbO(kn); ¢0(_p1)a e 7¢0(_pm))|0>osa
Go(k1, - s kn; =p1s -y =pm) = (0T (do(k1), - -, do(kn); do(—p1), - - -, Po(—pPm))|0f8-11)

O[T (¢o(k1), - -5 P0(kn); do(=p1),- -, ¢0(_pm))|O>0;k?=m%s,p§=m§s'

(2.7)

* _pm)

(2.9)



With Eq.(eq:phiOval), we have a factor of /Z,s from external wavefunction,i.e.

(=p1l@0(=P1)[0)os = V/ Zos (—p1|Bos(=P1)[0)0s = v/ Zos(—p1|o(—p1)[0)o.  (2.12)

From vertex renormalization, we have another v/Z,s from the vertex renormalization. For
example, in QED, we have

€y — ZeeR. (2.13)

The renormalized vertex would proportional to

ZeeR\/ ZR = €0 ZR. (214)
The uncancelled +/Zp is one to one correspondent to the external leg. We remind the
reader that the renormalized Green function Gos(k1, ..., kn; —p1,..., —pPm) is free of loop

corrections on external legs. If we defined!
B 1
1-6Zg’

and substituted Egs.(2.9) and (2.10) into Eq.(2.7), we obtained the renormalized form of
LSZ formula Eq.(2.4) in on-shell scheme

Zr (2.15)

- - Gos(kty o Eons —p1se ooy —pm) |22 2, o, (216
(277)3Zos (277')3205 OS( ! ! n pm)|kl mgs,p] ms ( )

mi(kE - m2) 1y 1) - me)
1=

1 j=1

2
0s*

where the term Eg(p%) is dropped after put p? on-shell p% =m Then we recover the
renormalized form of rhs of LSZ reduction formula Eq.(2.4), where we get rid of loop
corrections on external legs in Gos(k1,...,kn; —p1,...,—pm). In on-shell scheme, the UV
counterterms for mass and wavefunction 67 cancel with the loop diagrams on the external
legs. The wavefunction renormalization constant 0 Z,s in the prefactor will cancel with those
from the Green function via Eq.(2.12). Thus, the remaining wavefunction renormalization
counterterm only comes from the uncancelled vertex renormalization.

If one changes the renormalization conditions, for instance, let us take

m%ﬂ - m% - Rez(pQ)’p2:Q27
6Z = —ReX(p?)|p2—g2. (2.17)

Here ﬁﬁ% is not the physical pole m2, anymore. Along the same lines, we have

S

2(p}) = 2(p)l =gz + (0 — Q)X (17)[p2=q2 + (p] — Q*)*Za(p}),

Go(k1, ..., kn;—p1,..., —Dm)
(pf — mg)
~ ~ = Goi(k1, ... kn;=p1,- -, —Pm),
P —my — (P} — QHOZ + (pi — Q*)?22(p})
5 lp%—ﬁ”ﬂ ~
GO,l(klv SRR knv —P1s-- -, _pm) = (Z)_ HGR(ICD s kna —P15-- - _pm)(218)
b1 —mg

IThis definition is consistent with the BPHZ renormalization procedure byond one-loop.



The derived rhs of Eq.(2.4) becomes

n m . 2 )
H H GR(k17'"7k7l;_p17"'7_pm>‘k,2:m2 2
=1 { \/7 }le { ) ZOS } i 0s p] mgs

(2.19)
with
(1—62)(m% — m%)
M, — gy — (mh — Q*)0Z + (m, — Q2)?Sa(m%)’

which means one has to calculate the loop diagrams attached on the external particles in

F:

(2.20)

the S-matrix. At the one-loop level, it is

2 _ 2 _ 2 _ 2 2
Fe1-57+ 09 57 (2762)22( 2y =157 - 2 ZEQT) ) o))
mr — Mg mg mR mp — My
S(m3,) %(Q%)

where ———L% corresponds to one-loop diagram on external leg, —*4 corresponds to
Mr—MER Mr—Mg

mass renormalization insertion diagram on external leg and —3Z corresponds to wave-
function renormalization insertion diagram. That means one has to calculate the loop
corrections as well as the renormalization insertions to external legs. Moreover, one should
keep in mind that the wavefunction renormalization constant from Green function (see
Eq.(2.6)) cannot cancel the on-shell wavefunction renormalization constant in the prefac-

2 2 /
tor directly. Then, we will have another term proportional to [] Z—g VZR \oft at the
pT—mpy VZDS

amplitude level.

2.1 An example: NLO QCD corrections to Z decays into a quark pair
We consider a simple example, i.e. Next-to-Leading Order (NLO) QCD corrections to Z

decays into a quark pair in the Standard Model, to illustrate the above arguments. We will
work in two renormalization schemes: on-shell renormalization scheme and MS scheme.

For simplicity, let us first examine the case of the massless external quark. Independent
of renormalization, it is well known that the (initial helicity averaged) Born amplitude
squared is

S 2N .e’m? 9
Ml = 552 [(19)° = 218Qus%, +2Q3s1, (2:22)
wTw

where ¢y, s,y are cosine and sine of Weinberg angle, N, = 3 is the color factor, I and Q,
are the isospin and charge of the quark. Due to the condition of on-shell renormalization
in Eq.(2.3), one can simply ignore to calculate the one-loop diagrams Figs.(1b,1c¢) and the
corresponding UV counter term diagrams Figs.(1e,1f). The contribution of the vertex UV
counter term Fig.(1d) is?

Re (MY (Mz)"} = ~Cr 2 (1 - 1) M, (2:23)

€uv €IR

?We work in Conventional Dimensional Regularization scheme.



where Cp = A;%\,_C ! is the color factor of the quark. In the MS renormalization scheme, be-
sides Figs.(1a,1d), we have to include the non-vanishing contributions of Figs.(1b,1c,le,1f).
The expression of Fig.(1a) in MS scheme is the same as that in on-shell scheme, while the

expression of the UV one Fig.(1d) becomes

* 1 -
9Re {Mﬁ‘éd (Mp) } — Cp % ( —1— g +log (4@) Ma2,  (2.24)

where g is the Euler-Mascheroni constant. Meanwhile, the sum of Figs.(1e,1f) is

UV * o 0[3 1 7 12
9Re {MMS L (M)} = o <6UV ~1— g +log (4w)> Ms2,  (2.25)

and the sum of Figs.(1b,1c) is

one—loop [ \* | __ Qs 1 1 A 12
2Re{ Ws,b+cp (MB) } = —CF? (fUV - EIR) IMg|*. (2.26)

p m‘” v MS|2 at the
p2—

ZOS
amplitude squared level. Since the external quark is massless, we have the one-loop level

Moreover, in MS, one has an extra contribution proportional to |

experssion
mm = Meps = 0,
a 1 1
6Zos = _CFi ( - ) )
47 \ eyyv  €R

Qg 1

0 Zyg = —Cr P ( —vE + log (47T)> . (2.27)
™

At one-loop level, the extra term would be

1 1 —_—
2 X |:2 X <25ZMS_ 25Zos>:| ‘MB|2CDR

1 -
= CF% (— + 1+~ —log (47r)> \./\/IB|2 (2.28)
2w €IR.
where we use
S (d—2) ——
Ml = 5= (M. (2.29)

The difference between the on-shell renormalization and MS renormalization is
Eq.(2.24)+Eq.(2.25)+Eq.(2.26)+Eq.(2.28) —Eq.(2.23)=0. Thus, from this example, we ex-
plicitly illustrate the necessacity of the term proportional to H F at the one-loop level.

2
In order to account for the contribution from the ratio of the propagators H i m;
R

we need to keep the mass of the quark m,. The Born matrix element squared is

2
Mlmg)? = 25 [(

ey 19)* (3 — m2) = 21§Qqs%, (3 + 2m2) + 2Q2s1, (m% + 2m?) .

(2.30)



For simplicity, we just keep trace of the leading pole in m and the contribution of

,MS
the ratio in propagators should be taken in to cancel the leading pole. The sum of the

diagrams Figs.(1b,1c,le,1f) is

20 m; 1 .
T w p _mq,m
On the other hand, the ratio of the propagator can be decomposed into
2 _m2 m2 —m?__ Sm~—=
m Mg — O,
S R W Ry b My 35) 2, (2.32)
pm =My NS pm =, NS P = NS
where at one-loop level,
Qg 1
6mm = —?)CquE (EUV —YE + 10g 47T> s
1 2y
0Mmeys = —SCqu% < — g + log 47 + log M—2 + ) . (2.33)
47 €uv mq 3
Then, it contributes an extra term
OMmsrg — Om -
2 X !—2 X (mq _'_quIS)zl\/[SQ‘)S] |MB|2
; p2—m2__
q,MS
2a m2 1 .
= —Cp— | -3log— +4 | 7——5—|M5p[*+0(1), (2.34)

and it cancles the term in Eq.(2.31).

3. Complex Mass Scheme

However, in the usual perturbative QFT, one encounters the difficulty to handle scattering
processes intermediated with unstable particles, such as EW gauge bosons and top quark
in the Standard Model theory. It is known for a long time that untarity on the Hilbert
space gurantees only when all of the asympotic states are stable [4]. A proper treatment of
unstable particles in the perturbative scattering amplitude requires a summation of two-
point 1PI Feynman diagrams and introduces in a complex pole [5-9] in the denominator
of Feynman propagators. However, a naive summation of such self-energy diagrams might
voilate the gauge invariant in a perturbative theory [10-12].

Despite the fact that there is no fully established treatment of unstable particles in
perturbative theories, such issue is usually overlooked since the widths of unstable parti-
cles are usually small compared to their masses, in which case the leading approximation
(“narrow width approximation” ) is frequently applied to calculate physical quantities as
long as the dressed propagators [13] are well approximated by the Breit-Wigner (BW)
distribution [14]

1
(p2 _ M2)2 + M2F2’

(3.1)
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Figure 1: One-loop Feynman diagrams and UV counter terms for Z — ¢q.

However, finite width effects cannot be ignored anymore when one considers a precision
test or one is interested in exclusive observables like the lineshape.

Two general approaches are introduced to handle the unstable particles in a system-
atical way, which are usually called as Complex Mass Scheme (CMS) [15-17] and unstable-
particle effective theory [18-20]. In this article, we will only focus on the first method,i.e.
complex mass scheme. It is an extension of the on-shell renormalization scheme. The com-
plex mass and field renormalization constant for the unstable particle filed is defined from
the residue of the Dyson-summed propagator

i

RS ) 2
which is demonstrated in the following way
m2,., = M? —iT'M,
Mems = Mg — S(m,s),
0Zems = —E/(p2)|p2:mgms. (3.3)

The Feynman integrals appearing in self-energy contribution ¥(p?) are defined in the second
Riemann sheet [9]. The CMS is a fully gauge-invariant method and it can be applied
straightforwardly to the whole phase space. Hence, it is much suitable to realize automation
in higher-order calculations. Since the scheme is only a reparameterization of the bare
Lagrangian, gauge invariance is assured. However, due to the introduction of complex
parameters in CMS, one should concern the unitarity order by order. The perturbative
unitarity issue in CMS has already been discussed in Refs. [21,22].



Since the bare Lagrangian does not change in CMS, in the following we will concern
on how to recover the results in CMS to those in on-shell renormalization scheme. From
Eq.(3.3), we understand that

M? = MZ — ReX(M? —iT'M),
ImX(M? —iT'M)

r = i . (3.4)

Since the Feynman prescription +ie in p?> = p® + ie changes to —ie when I' — 0%, one

should performs the integration in the second Riemann sheet. The second equation in
Eq.(3.4) can be thought as the optical theorem for unstable particles. Because no bare
parameter enters in I', one can thought the width I' is an physical observable that can be
obtained in perturbative computation as long as the coupling is week. In the Standard
Model, the relevant unstable particles are electroweak bosons, Higgs bosons and the heavy
fermions. At leading order, we have

T
Y O(a). (3.5)

The only way to make a comparision between CMS and on-shell renormalization scheme
is by performing coupling constant expansion both in the amplitude and the width I'.

For simplicity, we only perform the one-loop level comparison though some arguments
can be applied to higher orders. Since no sign of the Feynman prescription changes in
the loop integrals in CMS and on-shell scheme, the contribution of the one-loop Feynman
diagrams in both schemes are the same when taking I' — 07, because no internal loop
propagator can be on-shell. Hence, the only difference can be an higher order contribution
because of Eq.(3.5). The only relevant

3.1 A useful expansion

1 o
(s — M?)2 +T2M2  T'M

M BE r\?2
- 5(5—M2)882+O<<M) ) (3.6)

where P (m)}w is the principle integral

/ssmax ds P ((‘9_1]w2)2>M2 f(S)

min

A Y = PO

3.2 Spin decorrelation in Narrow-Width Approximation

6(3—M2)+73< -

Let us consider a process with resonant massive vector boson. In the narrow-width ap-
proxiation, we have the amplitude squared to be

(Z (Zl/ v
’A‘Z = ‘AZ(_Q;W — )Ad|2

v (3.8)

1
(q2 _ M2)2 + F2M2'

~10 -



The spin-averaged amplitude squre is

T vy qvx] o LT ga daq x
AP = (=g + B | ¢ 2 [ A (=g + DAY (3.9)

The phase space measure

n ~

n d .
d®,(P = ky,- - ,ky) = (20)26@ (P Zk H (@r)2E, (3.10)
T

can be factorized as (without loosing generality, we assum ¢ = k; + k2)
d 2
di’n(P — kl, cee ,kn) = d‘I’n_l(P —q, k3, s ,k ) X T X dq)Q(q — kl,kz) (311)

Then, after expanding the Breit-Wigner distribution, we have

dq)n(P — kl, s ,kn)|¢4|2 = d{)n_l(P — q,kg7 s ,kn)d@g(q — k17k2)

‘Ap( v + quqy)Ad’2
x T (3.12)
q2=M?2
The difference
q ql/ v TA92
A = [ daa -t ka) (|A4p(-g + 3452 - [AP) (3.13)

is Lorentz invariant. Hence, we can work it in the rest frame of g,i.e. ¢ = (M, 6) Then,

|1 [2d| k|
2F1

A = (S(M - E1 — EQ) /dQl <‘Ag(_guu + qMQV AV’2 W) |El+52:63'14)

The (—guw + q“q”) in the rest frame is a diagonal matrix (0, 13) Since the decay amplitude

= (.Ad, Ad) is a Lorentz vector, Ad must proportional to k1 because there is no other
independent vector in the decay process when ¢ = (M, 6) Take the direction of the
production amplitude /fp to be z axis. We have

qu9v - - - -
A (=g + “ ) AP = A, - Agl* = [A[? Agl? cos® b1,
1 - .
[AP = 24| Aql* (3.15)

The integration of the solid angular of €2; to be zero because of

I 1 1
|Ap|2|Ad|2/dgb1/1d00591 <C082 01 — 3) = 0. (3.16)

Hence, we prove the spin decorrelation of amplitudes in NWA.

- 11 -



3.3 A general cancellation in the total cross section

The narrow width approximation (NWA) is defined in the usual way,i.e. the total cross
section in NWA is the production coss section multiplied with the branching ratio of the
decay channel.

Let us consider a process of e*v, — W+ — ptv,. The comparison of NWA and CMS
is the amplitude squre by multiplying (¢* — M3,)%.
that the difference of

In this section, we will demonstrate

(¢° — Myy)? | Acus|? — (6% — Mi)? | Anwal? (3.17)

is a pure high-order effect after spin decorrelation. At leading order (LO), it is easy to
see already from the previous discussion. At next-to-leading order (NLO), we have three
classes of topologies in the virtual with CMS. The first one is the factorizable part

AcMS, Virtual = +

Al qudv
= Acms Virtualp(—9ur + 5 JAEMS, Born,d
qudv
+ ACis Born,p(—Gpw + M2 JAEMS Virtual,ds (3.18)

1
(¢?— M3, )—ilw Mw
triganle loop diagrams and the corresponding UV to the vertex. Up to NLO, we only need

where we have suppressed the W propagator . Here virtual includes the

to keep the first expansion term in Eq.(3.6). Similar to the strategy in the previous section,
we can perform the angular integration of 4 and v, to get rid of spin correlation between
the production and decay amplitudes. After multiplying the Born amplitude, we get a
form in the NWA approximation,i.e.

1
2§R-ACMS,Virtual~A*CMS,Born = g [UVirtual,pO'Born,d + O'Bormpo'\/'irtual,d] s (319)

where

. 1 Q,uqu 13
IVirtual,p/d = 2%{ACMS,V1rtual,p/d(*9W + M2 ) CMS,Born,p/d}’

Quyy g . (3.20)

— H
OBorn,p/d = ‘ACMS,Born,p/d(_g/“’ + M?2 CMS,Born,p/d

We have suppressed “CMS” in ¢ because the remaining width effect is a pure higher-order
effect?. The argument is valid also for the corresponding real radiation topology following
the same argument.

The non-trivial topology is the bubble/tadpole as well as W mass and wavefunction

renormalization diagrams®. There are two W propagators in the corresponding virtual

3 Actually, the W wavefunction renormalization constant in CMS is different to that in NWA. The
imaginary part of the difference is not a higher-order effect. Let us keep it in mind.

4If we substitute difference of the wavefunction renormalization constant in CMS and NWA from the
first class of topology, we can safely replace the wavefunction renormalization constant in CMS to be that
in NWA, and then the difference in the first topology would be a pure higher-order effect.

- 12 —



diagrams. The amplitude would be

aud : ,
= ‘AéMS,Born,p(_gMV + ]l\};) (q2 _ MI%V) — iTw Mw ZZAEMS,Born,dv (321)

(q2fM§V)Z7iFWMW ’
the Breit-Wigner distribution after multiplying the Born amplitude in CMS. The loop

where we have suppressed one W propagator which will contribute to
contribution to two-point Green function ¥ would be ¥(¢? + i0) and the W mass renor-
malization is —E(M%V — il'w My ). After including the difference of wavefunction renor-
malization from the first class topology, we have the W wavefunction renormalization to
be §ZY = —RX' (M3, +i0). Remember that the on-shell condition makes sure that®

RY(¢* +i0) = RE(M, + i0) + RY (M, +i0)(¢* — M) + O (¢ — M§,)?) . (3.22)

Hence, the first and the second term in the real part of the loop contribution cancels the
NWA W mass and wavefunction renormalization. The O ((¢* — ME,)?) only contributes
to higher-order term since there is no ﬁ enhancement but it has an « suppression®.

Therefore in CMS, the remaining term would be”

2(q% +1i0) — (M, — iTw M) — RE' (M +i0)| 2 s,,2,2, 50,2 (47 — My + iTw Myy)

S(My, +40) + iS (M, +1i0)(¢* — M) + O ((¢° — Mgy)?)

— (iISS(Mfy 4 i0) — iy My ST (M, + i0)|s2 ps,2,2 pen2 + O(a®))
= iSY/ (M, +i0)(q% — MZ,) + il My ST/ (M3, +10) |2 e?.c2 +9te?
+ 0(a®) + O(a)O ((q2 — MSV)2)

= [iSY (M +1i0)(¢* — M, + iTw Mw)]|

Il
-~

—Rey? + O(ag)

52, Rsw2,c2,

=i——(¢* — My, + il'wMw) + O(c®).

This contribution is a pure imaginary contribution, which should be zero if there is no
imaginary part in the Born amplitude, such as in a 2 — 2 process. Here, except the last
equation, I'yy is not necessary to be the exact decay width as long as it is O(«). In the

5There might still remaining some terms that coming from the expansion of the coupling c¢2,. However,
such remaining term will cancel with the coupling effect in the corresponding UV.

SRemember that the LO is “?‘v{/‘” ~ a and the NLO should be 2.

"The effect from the complex coupling ¢, will cancel exactly between the loop and UV (also in the

imaginary part). The effect from the complex couling c2, for ='(M3, +i0)(q*> — M3,) is also a higher-order
effect.

~13 -

= iS8(q% +i0) — (S(Mf — iTw M) — RE(Mg; +i0)) — iTw My RS (M, +90)] 2 Sms,2.2 —Re?
SE(

(3.23)



NWA,
S(q? +40) — RO(ME, 4 i0) — RY (M2, 4 i0)(¢* — M2,)

JI\XV (¢* — M) + O(a?), (3.24)

= Q% (¢* +i0) = iTw My + i

where 52 — Rs,,2, 2 — Rey,? is implied. Again, the imaginary part should be zero if there
is no imaginary part in the Born amplitude.

An exception happens when there is one loop propagator can be soft and the other
loop propagator to be on-shell, e.g.

W, on — shell W, on — shell

~ S(MZ +i0)
~ i%Bo (M + 10,0, M3, — iTw My)

(0] 1 /1’2
R Py S | |
- LUV +< VB — 08T + 08 M@V—ierW>
Ty M Ty M,
- W og S WEW (3.25)
M2, M2, — Ty My

However, in the UV CT, we take $(M3, —il'y My ). It will result in missing of iF]\W4]2\W4W log ME_VZEZVY“]XJV\V/IW
term, which means such term cannot be cancelled by combining loop+UV. Such term will
contribute log —% since its prefactor i['y My, will cancel one of the W propagator when
the W is on-shell.

The third topology is the interference term between the production part and the decay
part. Such term will contribute a higher-order effect except one the boson in the loop can

be soft®.i.e.

—— S\ NN/
® = 0(a?), (3.26)

i VAVAVAV
when there is no loop propagator can be soft. If one propagator can be soft, then we will

have a box integral

1

Dy (0,0,0,0,p%,¢,0,0, M2, — iTy My, 0) : . 3.27
o ( p w = ilw My, 0) (p? — MZ) + il My (3.27)
In the soft region, we have the loop integral [23]
2 _ M2, + Ty My \“* 1
(p D) L - W W> 2 D) . Co (Oat’()?O?O?O) ) (328)
MW —il'w Mw (p — MW) + iUy My

8Remember that here the LO is O(«) and the NLO is O(a?).

— 14 —



which cancels all of the divergences as well as log (p? — M3, + iC'w Mw)
in Dg (0, 0,0,0,p?t,0,0, MI%V — iUy My, O) in the leading term in the expansion of p? —

M%/ However, there are still remaining leading terms left that can never

be cancelled. This fact can also be understood from the Feynman Tree Theoreom (see e.g.
Eq.(22) in Ref. [24]). The singularity term from the on-shell photon propagator can be
cancelled with the corresponding contribution from the real emission diagrams. However,
there are remaining terms from the on-shell fermion propagator(s) only. All these remaining
terms can be thought as the finite-width contributions.

The remaining contribution from Born amplitude squared,i.e.

quqv 2 1
AH — £ A¢ P
| CMS,Born,P( uw M3, — ZTWMW) Ons o, (42 — My,)?

(3.29)

is a pure finite-width effect,which is also a NLO piece. As long as A%MS,Bomp Jd and

A’CMszom,p /d have the same phase, the second expansion term of 11\%; in — 9#1/4‘1\43‘/:15%
is a pure imaginary contribution, which will cancel with its complex conjugate one. The
second expansion term in the second class of topology would be zero when ¢? = M%V since
(=g + WIE‘ZVMW) = 0. If ¢> # M3, the term only contribute to a higher-order

piece,i.e. NNLO piece.

3.4 Discussions of the differential distributions

The NWA contribution is defined as the amplitude without any width and the renormaliza-
tion is performed in the on-shell scheme,i.e. applying real part to all of the renormalization
constants.

3.4.1 Non-resonance region

In the region that |¢? — MI%/] > 'y My, the Breit-Wigner distribution can be expanded
FWMW

in q2—M‘%V"i'e'
! L (1 Ly My +O( 4)) (3.30)
= - o , .
(¢ = M2 + T3, M, (2 — My,)? (¢? — My,)?
or
, = —1 + O(a”). (3.31)
(¢ = M) +ilwMw  (¢® — Mp)  (¢* — My,)?

In the Born, we need to expand the Breit-Wigner distribution up to second term in R

gauge,i.e.
&
quqv * 2 1
= A’u r (g + (1 — 6 £ . > AU TN
| CMS,Born,p 2% ( )q2 — gMI%V + gleMW CMS,Bo ,d‘ (qz _ MX%V)Q + FIQ/VMI%V
1 2, M2
a2 o? wrw + O(a5), (3_32)

= UBOmW - aBomm
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or at the amplitude level

= Acusiporns <_g“” U fMI%iluiygiFWMW> s Borm {7 M%V)1+ iTw My

= ACwMS Bornp <_9/w +(1- f)qg — éMngu_ﬁV&FWMW> CMS Born.d

" [(q2 —1Mv2v) - i(ffrv—vj]\\?v;;)2 ! O(Oﬁ)}

= Alsgs sy (04 (1= O3 By (1= i e 100 ) Abirs
< e o) (335

Next, for simplicity, let us work in Feynman gauge,i.e.{ = 1. In the first class of virtual,
we only need to keep the first expansion of the W propagator,i.e.

+

= AéMS,Virtual,p (_gl“‘) ‘AEMS,Born,d + AéMS,Born,p (_gl“’) AéMS,Virtual,d]
1
N (3.34)
(42 — My,)

All of the finite-width effect is a pure higher-order effect except the W wavefunction renor-
malization. Similar argument applies to the third class of the virtual.

In the second class of virtual, we have

1
= .AéMS,Born,p (_gua) (_gﬁl/) AEMS,Born,d (q2 — M2 ) + il My
w

7 . qaq . qaq .
- (¢? — My,) + iy My K_gaﬁ " 225) R+ 10) - ZQB Z1(g” +10)
W

+ gapS(Mil, — iTw Mw) + gasRE (Miyy +10)(¢* — My, + iTw Myw)](3.35)

where we have replaced the W wavefunction renormalization constant to be the NWA form
in the first class of virtual, and take the corresponding contribution into here. Correspond-
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ingly, in NWA, we have

1
= AﬁWA,Born,p (=9ua) (—98v) ANwa Born, dm

X

{ . qa9q . daq .
oy (e 5 ) B0 - B i

+ gapRE(MG, +140) + gasRE (M7, +i0)(¢* — ME)] . (3.36)
The difference between Eq.(3.35) and Eq.(3.36) would be proportional to

S(ME, — iTw M) — RE(ME, 4 i0) = iSE(M3, —i0) + O(a?)
= Ty My + O(a?). (3.37)

The expansion of ]1;4—"‘/‘; in the other pieces is just adding a higher-order effect. Then,
Eq.(3.35)—Eq.(3.36) is

erMW
ACns Born.p (—9w) ALMS Born, @ - M2 (3.38)

where we used the fact that the difference between ACMS Born,p/d and ‘ANWA Born,p/d in the
above equation would only result in a higher-order effect. The above term just cancels the
term —z% in Eq.(3.33). In this case, one has to make sure that the LO width is
exactly correct to gurantee the cancellation.

The amplitude level cross check can be performed in the non-resonance region after
including the Born and virtual contributions.

Method of cross check: In order to avoid the complication of color-structure and
helicity dependence of the amplitude, we are trying to multiply the amplitude with the
corresponding complex-conjugated Born amplitude and to avoid to adding its complex-

conjugated piece. In general, we want to obtain the to be checked piece via

Aireuat ABorn: (3.39)
where X=CMS or NWA. In a 2 — 2 process up to an arbitary phase, we know one can
have

AR =0, (3.40)
and
RABom = RAbor (1+ 0(a)),
SApom = RAZNRO(a). (3.41)

The cancellation gurantees that
CMS NWA
RAVtwayvv = AV v (1+ O(@)
CMS

%Ag/?ftsual/Uv = %Al\qfﬁﬁalwv (1+0(a)) — SAgorm- (3.42)
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Remember that A . Juv RAZ ., O(a). Up to NLO accuracy, we have
R(AV AR ) = RAVN R RABS (1+O(a)
= RAVK R AGom (1 + O(a))
= R(AVhtuarAborn)- (3.43)

Hence, the consistent check for the real part of a 2 — 2 process is trivial. On the other
hand, the imaginary parts are

NWA NWA x NWA NWA
%(AVirtual‘ABorn ) = %'AVirtuaﬁR'A (1 =+ O(Oé)) )

Born
CMS CMSx* CMS CMS
%(AVirtualABorn ) = SAVirtualéR‘ABorn (1 + O(Oé))
A A CMS A
- %Aggual%Aggn (1 + O(a)) - %ABg/rIn %Ag?ﬁ“fn : (344)

One solution is to add an extra term

~ ACMS JNWAx _ ~ 1CMS NWA
\SABornABorn - \SABorné)%ABorn (345)

to the CMS one.”

However, the situation looks not so simple, because the imaginary part from the cou-
pling constant renormalization (for example e = v/4ma or in this case Weinberg angles
sw and ¢,) can contribute the imaginary part of Agi“ftialAggfﬁ*
to be proportional to O(AI:[—VVVV)), which should be cancelled out because the coupling con-

(which are not necessary

stant (at least for e) is factorized out. Hence its imaginary part will not contribute after

taking the real of the amplitude squared at NLO level. This situation is not satisfied in
AXCMS ACMS*

Virtual¥ *Born >
renormalization 6 Z,.

however. We need to take them to be zero at least for the coupling constant

3.4.2 Resonance region

NLO
In the resonance region |¢*>— M3,| < 'y My, the expansion of t FLO inTy =

FLO +FNLO :

necessary to gurantee the NLO accuracy. The NWA in this reglé)n is ill-defined. However,
the NWA amplitude is still well-defined by multiplying (F AJ\//[IW) and it can be used to
compare with the CMS amplitude square in this region.

In CMS, we have the Born amplitude

_ g — g + quqv vk ;
CMS,Born,p uv MI%V —iTyw My CMS,Born,d iTw My

_ quqv Tw My qudv 2 * 1
= Ans Born.p (Quu + M2, + M2, M2, + O(a )) AléMs,Born,dm-(?’-%)

9However, the situation would be more complicated because there is also imaginary part from the
Weinberg angles s, and c,. One should keep these imaginary part in ASYA* but only take M2, —il'w Mw

to be M2, in the W propagator.
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while in NWA, it is

(¢* = M)
iUy My
= AN <—g v+ quqy> NWA B d;' (3.47)
NWA,Born,p H MI%V PO T My ’

Let us consider the non-trivial second class of virtual topology. In this region, the
Eq.(3.35) in unitarity gauge becomes

o dpda
= ACMS,Born,p <_9W + MI%V — ’LTWMW>

X

. qp49v v 1
< 9pv + M{%V — ZFWMW) ACMS,Born,d Ty My
1 . dadp 2 . dadp 2 :
_ —0a (M, 0) — Y (M, 0
Z'FwMWl|:( gﬁ—i_M%V) ( W+Z) MI%V L( W+Z)
+ gapZ(Miyy — iTw Mw) + gasRE' (M +140)(iTw Mw)] . (3.48)

X

With ¢*(—gu + %) = 0'0 when ¢ = MI%V, there is a term
S(M3, +i0) — B(ME, — iTyw My) — RY(MZ, + i0) (ily My ), (3.49)

which can be simplified following the way of Eq.(3.23)
iSY (M3, + 10, s2) (iTw My ) + O(a®) = il + O(a®). (3.50)

Similarly, the NWA term is

(mn’)

_ e
- AﬁWA,Born,p <_g.“0‘ + M2 )
w

> g + qpqv v 1
By 7M3V NWA,Born,diiFW My
{ . qdaqp 2 . dadp 2 .
_— — (M 0) — (M 0
< gt | (oo + 5 ) SO+ 10~ S, 0t + i)
. L'y My
q _MW

1014 is guranteed by guage invariance.
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With the help of Eq.(3.24), we simplify the corresponding term to be

3(g? +140) — RE(M3E, +i0) — RE(ME, 4 i0)(¢* — M3,)
= i¥8(¢* +140) + O((¢* — M?))?)
= Ty My +iSY (M3, +i0)(¢* — M3,) + O((¢* — Mi)?). (3.52)

Such realization can be performed with the e-offshellness method introduced later. One
should subtract the il'yy My, from the NWA virtual amplitude and then can be compared
with the CMS virtual amplitude.

As we already discussed, an exception occures when there is one loop propagator can
be soft and the other loop propagator to be on-shell. For example, in CMS, we have

v, soft

W, on — shell W, on — shell

~ B(M3, +i0)
~ 1%30 (M2, +1i0,0, M%, — iT'yw My)

« 1 'uz
=Y (2 s 1
T LUV - ( Yo os M3, — ZTWMW)
—iTy My ]

iCy My
(0]
MZ S DMZ, — iy My

- 1

(3.53)

However, in the UV CT, we take $(M3, —il'y My ). It will result in missing of Twllw Jog M*iFWMW

M2, 2 —iTw My
term, which means such term cannot be cancelled by combining loop+UV. Such term will

contribute log —% since its prefactor Iy My, will cancel one of the W propagator when
the W is on-shell. On the other hand, in NWA, we will have

W, on — shell

~ S(Mjy +e)
~ i3 By (Mfy + 2,0, My — i0)

o 1 /’1‘2
S I Y| log —+—
e (o o )

€ €

- 1 ) 3.54
M2, + e OgM‘%ViO} (3:54)

Meanwhile, in the UV CT, we have E(M&V) Hence, the leading term in the expansion of €

in loop+UV would be M% log . The prefactor ¢ cancels with one W propagator. We
w

13
M3, —i0
arrives log 7>"—5 in NWA. These contributions should be treated properly. For example,

w
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one can take mass in the W mass in the loop to be M&V instead of M‘%V —iI'w My in CMS
and to take € to be under the on-shell threshold in NWA.
However, in the third class of the topology, we might have the type of

— N
’ k ® , (3.55)
— NN

where one propagator can be soft and it result in a box integral

1

Dy (0,0,0,0,p%,¢,0,0, M2, — iy My, 0) : .
o ! W = ilwbw.0) (p? = M) +iTw My

(3.56)

In this case, we will have logarithms like log (p2 — M%, + zTWMW) (or in NWA we have
loge)!!'. Such logarithms can not be cancelled between CMS and NWA. In the first class
of the topology, if the photon loop propagator in the triangle soft

w

W, on — shell

we will also have logarithms like log (p2 — MZ + iFWMW) ( or in NWA we have loge).
All of these type of diagrams should not be included in the following e-offshellness method.

3.4.3 e-offshellness method

The e-offshellness is performed by € = ¢% — MI%V < I'w My and expansion everything in €.

fi
W W
E(MI%V - ZTWMW)‘flfz =
o
a(M2, — il My )N [ 1 5
= —~g + logdm + =
12782, €UV (= +log dm + 3)
_ . M2, —iT'wMy
 tog (- M= Dy | (359)

1 Actually, we will have log?.
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where we have defined
log® 2z = log z + 2inf(—Rz2)H(F32), (3.59)
which has the relation
+ F 1
log™ z = —log = (3.60)
We also have the partial width of W — fi fo

oMy NIt

Tyw(W — fif2) = oRa2

(3.61)
Then, we have

o~ 2 . 7 MW 2

Y (M — ZFWMW)‘flfg =Tw(W — flfQ)T (=7 +27) + O(a”). (3.62)

Therefore, the extra universal term from this imaginary part when setting W on shell is

i

=A [i(—iST (M, — TwMw)ls, 7))

Yilw (W = f1fa) My
) )

X iFw(W — flf_Q)MW AQ B A1(+1)irw(W — flf_Q)MW AQ

= -ABorn- (363)

After multiplied the conjugated of Born amplitude and take a factor of 2 to the real part
of the amplitude squre, we have the universal extra term as

+2[Apom|?, (3.64)

which should be cancelled with the Born term.
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In the off-shellness by a small p? = M‘%V + £, we have the loop contribution

fi
1474 W
S(Mjy +e+i0)|y, 5, =

fo

(M )N T 1 5

— 1272 p—— + (—vg + log4m + §)

M3, + & +i0
- 1og<—WM2>] , (3.65)

while the UV in Narrow-Width Approximation is —RX (M, + i0)| £, 7,- The sum would be

g .
— |RE(M +1i0)| 4, 7, —

My Tw (W — flf2):|
M,

s

FiTw (W = fifa) My (1 + M%Qsﬁﬁ)
w

The UV in Complex-Mass Scheme is —X (M3, — iT'w My)| £/, With the expansion

Cw (W — fif2)

ISS(MF, — iTwMw)ly, ;, = Tw(W = fifa) My —i RE(M, +i0)], 7,

My
TwW = fifo) Tw(W = fifo)Mw
+ 1
MW s
R, Tw (W — f1f2) ( Iz )
—lxg 1-— — Ry
Rsi, Mw Cw (W — fif2)
x RE(Mjy +10)| 1, 7, + O(a®), (3.67)
and
RE(M, — ilw Mw)f, 7, = RE(M§, +0)| 4, 7, + Tw (W — f1f2)°
= %02 FZ
Ty (W 2w~ —Rew
) %sa( Tw(W = fifs) )
+ 0(a?), (3.68)
where
2 _ o My —ilwhMy
w M2 —iTz My’
2
§RSwQ - MiVQV7
MZ
Rew? = 1 — Rsy,2. (3.69)
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The loop contribution can be expanded as

ISS(MG, 410,505, 7, = iTw (W — f1f2) Mw

Z-§RC121} Tw (W = fif2) <1_ 'z . )
Rs2, My Tyw(W — fifa)

RE(Miy +i0)| 4, 7, + O(a?),

RE (M + 10, 53, 1, 7, = RE(M, +i0)|, 7,

X

~ o R L'z
IwW = fife) g <1 Ty (W — flf?)WlD)

+ 0(a®). (3.70)

After combining UV and loop contributions, we have

— Tw(W = fif2)’
Z.FW(W — fif2)

+ My §)(EE(‘M’EV +i0)|flf2
_Tw (W — fif2) Tw(W — f1f2) My +0(a?). (3.71)
My ™

In NWA,

i [ e . My Tw (W = fif2)
+ iLw (W — f1fo) My (1 + Mg2)}
W
X EAQ. (3.72)

For the 2 — 2, there is no imaginary part and the Born amplitude is'?

Born Born

Ty M '
ACMSZWfW — ANWA _ ,412,42. (3.73)

M3, —ilw My
MZ—il z My
M, 4%, M2,

4 2 2
MZ+T% M%

MZ, . . .
and Rew? = M—"QV is still possible. However, at
z

M . .
and Rew? = 17+ The difference is a
z

12The difference from the coupling ¢Z, =

the ampltidue square level, it would become |c2|? =

next-to-next-to-leading order effect.
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Hence, we can drop the term Ty (W — f1f2) My (1 4 55). The final result after multi-
w
plying £2/T%, /M3, would be

1 5 MwTw (W = fif2)
. 3 MI%V CMS 2
+ ZFW(W — flfQ)MW ? +1 |AB0rn . (374)
In CMS*'3,
(3.75)
We obtain
1 , My Tw(W = fife
— 5 RSO +i0)] 7, — = W(ﬂ BB it (W = fufo) M | 1A 76)
w

Hence, in general, one should subtract

ZFW MW

CMS 2
"y 2 A (3.77)

Born

from the NWA virtual amplitude squared. Here, we don’t need to use the exact width
since the comparison does not involve the Born amplitude.

3.5 An example: top quark decay width

In this section, we are trying to determine at which level of the top quark decay width
is needed to gurantee the NLO accuracy by demonstrating the top quark decay process,
which is already the most complicated decay process in the Standard Model at parton level.
From above discussions, we know that in order to gurantee the NLO accuracy in the whole
phase space, one should keep the NLO accuracy width at least. For simplify, let us first
consider QCD corrections to top quark decay width.

3We can drop the term —Tw (W — f1f2)? in Eq.(3.71) for a 2 — 2 process but may be not for a
2 — n,n > 2 process, where the amplitude itself has a imagniary part in the same order as the real part.
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3.5.1 NLO QCD corrections

There are two loop diagrams in the first class of topology, i.e. the factorized one. We have

M + [ _ PuPv
- Aloop(t — bW ) < Guv + M{%V . lFWMW)

1
p2 — MI%V + iUy My

X A%orn(W+ — flfQ) (378)

and

t

_ gH + [ _ PuPv
fi - ABOI‘n(t — bW ) ( Guv + M‘%V . ZFWMW)

i
p? — M2, +ilw My’

x Alyoop(W+ - flfQ) (379)
Hence, Eq.(3.78) plus its corresponding UV and the real emission diagrams from top quark
or bottom quark contribute the NLO QCD corrections to

i

bt bW+ X) (- Puby v (Wt 2 (3.8
ANLO( — + ) < gHV + M‘%V - ’LFWMW BOI‘H( — f1f2)p2 - M‘%V +7/FWMW ‘)O)

where p = py, +pj,. The amplitude squred (after expanding Breit-Wigner distribution and
making spin decorrelation) would be

| Anpo(t = bW T + X) 2| Ao (W — f1f2)]? 5(p* — M3, (3.81)

™
Ty My
which after integrating the phase space to f; and fs is

|2F%})m(W+ — f1.f2)

| Anpo(t — bW T + X)
T'w

. (3.82)

Similarly, we have Eq.(3.79) plus its UV and the real emission diagrams from f; and fs

(t bW ) (—gw Puby )Al”vLo(W+—>f1f2+X) L 3

Al 8
M2, — Ty My p2 — M2, + iTyw Ny

Born

where p = p; — pp. The amplitude squred (after expanding Breit-Wigner distribution and
making spin decorrelation) is

| ABom (t = bW | ANLOW T = f1fa + X)|? 5(p* — Mg)). (3.84)

v
Ly My
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Therefore, one arrives at

2 INOW = fifo + X)

’-ABorn (t — bW+) T
w

: (3.85)

after phase space integration to f1,f> (and the gluon in real). In the above, we take NLO
as the pure NLO QCD correction term, which does not include the Born contributions.
This form is one can expect from the NLO QCD corrections to top quark decay width in
NWA. It means that if one exhausting all possible f; and fo and take I'yyr to be NLO QCD
accuracy, we will have

I‘\g})rn(WJr — f1f2)
Bom 4 TNLO
IO W* = fifs +X)}

['horn 4 PRLO
rpo™
I'Bormn 4 THLO

LR (W — f1f2)

+ 2
+ |Anpo(t = bW + X)| [Borm | [NLO

thfQ{\ABm(t — bW )2

+ | Ao (t = bW )2

Born NLO

=|A t— bWt + X)|? —_—
| NLO( )’ I\%})rn_i_I‘lI}I/LO

+ [ ABor (t — bW T)|?
_FlleLO

Flg[})rn + FIJVLO

= (| ABom(t = bW )2 + [Anro(t — bW T + X)) + O(aad), (3.86)

= (|ABom(t = bW + |Axro(t = bW + X)) + [Anpo(t — DW T + X)J?

Hence, we recover the result with NLO QCD corrections in NWA.' However, there are
still other terms missing in CMS, which can be thought as the pure finite width effects.
The first one is the second expansion of the Born amplitude squared,i.e.

f b

- 1
:Aomt—>bW+ 2AornW+_>ff 2
[ ABorn( )7 ABorn ( 1f2)] (2 — MZ)? + 12,012,

T
L'y Mw

— | Apora(t = B2l Asom(W* — fifo)P ( 5% — M2)

; a2 aQ
+ P <(p2 - M%vF)MgV +0(a?) + O( 5)> . (3.87)

However,because in the Standard Model, the LO W width is O(«), such finite width effects
will not contribute to the result at NLO QCD accuracy but at NLO EW corrections, one
should take into account such effect.

14YWe have dropped the width dependence from the Weinberg angles s.,,cw, since they can be factorized
out in Born amplitude and the finite width effect in |s.,|? and |c2| is a NNLO effect.

—97 —



Due to the color-flow, the interference term of virtual/real gluon exchanging between
the t — b fermion line and the f; — fy fermion line is zero. Hence, there is no contribution
from the third class of topology diagrams in NLO QCD corrections. The second class of
topology is zero because W boson is color-singlet.

Hence, we have conclusion that: up to NLO QCD accuracy, we only need to
calculate the top quark width in NWA up to NLO QCD level.

3.5.2 NLO EW corrections

With the same argument in the previous section, for the factorizable topology, we have

L™ (W = fifo)
F%?m 4 FII}I/LO

oW = fifa+ X)
F%}’m 4 FII}I/LO

LR (W — fif2)
Fl%})rn 4 Fl\V{,LO

Zfl,fQ{MBorn(t = bW )2 + |Axpo(t = bW + X)?

+ | ABorn(t = DWT)|?

e TR oL TR
= [Axto(t = W + X)P W+ [ Ao (t = WP W
‘ NLO( + )’ F%})m_’_r%}l}o +’ B ( )’ F%})m—i—r%}l}o
7FNLO
= (Mpora(¢ = W)+ Aot = B+ X)) + Wweo(t = W™+ X) P oo oy
= ([Bom(t = bW > + | AnLo(t = W T + X)|?) + O(aad), (3.88)

up to NLO EW accuracy, where we take NLO as the pure NLO EW correction term here
instead. The complication appears in the following diagrams

1

-~ d
/d @ +i0) ((a+p0)?+10) (g —pp, —pp)> — M2, + iy Myy) (3.89)

We consider this Feynman integral via threshold expansion [25]. In the hard region, we
know (¢ — pyp, — pf-2)2 — M3 =¢*—2q- (py, + pg,) # 0. Hence, the width can be a small

. iTyw My . . ..
parameter to perform the expansion of FF2a(os, 457" Hence, the finite width effect is just

a higher-order effect. The situation should be taken care of when

(¢—pp —pp)" — My = ¢* — 2q- (pg, +pj,) = 0. (3.90)

The first consideration is the soft region, i.e.

¢~ N1~ A, (3.91)
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where ) is a small parameter. The integral becomes

1
d’q ‘ . . :
/ (¢2 +10) (2q - py + 10) (=2q - (py, + pf,) + iTw Mw )

(3.92)

1

One can change the Feynman propagator Gr(q) = to the advanced propagator

q*+i0
Galq) = m via [24]
Galq) = Gr(a) +2im0(¢°)d(d%), (3.93)
which is a direct consequence of the relation
L5 (1) sirs) (3.94)
x+£i0 z o). ’

Hence, Eq.(3.92) becomes

1
d’q 4 4 .
/ (4% +104°) (2¢ - po + i0(q + pp)°) (—2q - (ps, + pf,) + ilw M)

1
- 2i7r/ddq9(q°)5(q2) . .
(2q - pp +1i0) (—2q - (py, +pf,) + iCw Mw)
1

(¢? +i0) (—2q - (py, +pf,) + iCw Mw)

~ 9 / d490((q + p)*)8((q + pb)?) (3.95)

The first term is zero because all of the residues for ¢° integration are located in the upper-
half plane, while the second term will be cancelled by the corresponding real emission
diagrams. If the photon is located in the collinear region to py, i.e.

q ~ Bpy+ An,n-p, = 0,n* = —1, (3.96)
in such as, however, because of

(¢—pp —pp)* — My =¢* —2q- (pg, +1j,)
= —28py - (pf, +pf,) = —B(m; — M) #0, (3.97)

the finite width effect is still a higher-order effect.

Let us work in a more direct manner, i.e. to consider the difference
Co(0,m?, M3,,0,0, M3, — iT'w Mw) — Co(0,m?, M3, 0,0, MZ,)
im?—T'(1 — €)' (1 4 €)I'(1 — 2¢) 1

1 1 1 rz\ 1
o2 5y 3+ 2 5 log <V2V> P
2(mi — My,) eig - 2(m; — Myg,) u? ) er

1 | 2
— (= —Zlog® (- ) ). 3.98
+z<m3—M5V>< 2 2°g< u>> (3.98)
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Correspondingly, the real emission in the soft region would be

f:

o

2 My =g 1
Real™ (I'y) = (2in /
(Tw) = ( )m2—MV2V 27 2/q1(1 = cos ) (— 2|q1MWierMW)
- i T e [ -
—2er (3 — 2y<ﬂM + il My
( MW) —2e
My p 1 _
1 ST AZ] an when I'yy = 0
ol 1 | teg B
— 2 2 € m%—M. .
(2im) —2€1R F(% —€) % tMQW - when FW(%%())
m M. M
3 +log< ;tzlt“WMMV/V) ( ilFWMWVY::L%_MaV))
X m M

\

Therefore,

Real®(I'yy) — Real®(0)
im2=¢I'(1 — €)?T'(1 4 €)T'(1 — 2¢)~ 1

1 7r26> 1 1 1 ( 2 > 2, N )
—(——+ ) x| — o log [ - ) — 3 i
( er 6 2(m7 — M3,) e 2(m} — M) S\ mi — M3,

Hence, the real emission and the virtual cancels exactly. This conclusion should be true to
other triangle diagrams with one photon loop propagator.

The finite width effect from the second expansion term of Eq.(3.87) should be added
to the top quark decay width at NLO EW accuracy. It can be guranteed by subtracting
the LO top quark width in NWA from the LO top quark width in CMS with the LO W
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width, because of

TR (W — fif2)
F%)rn 4 FII}I,LO

% 41 fo MABorn (t — bW )2 <

+ /d‘I’(W+ — f1f2)P ( L 2) | Ao (W — f1f2)|2> + 0", n+m > 3)

(p? — M)
Fla})rn(WJr - f1f2)
I‘%}JI‘H + FII}I/LO
I (WH = fif2)
PBorn
w

— %, 5 ABom(t — LI )|?

— 24, Mot 0P (

_ 1 _
+ /d@(W"‘ — flfQ)P <2]\422> ‘ABorn(W+ — f1f2)‘2) + (’)(a"ag‘,n +m > 3)
(p - W) FW:FE‘?”}
FBorn(WJr — f1f2)
= g, bt = WP

= S, 7 TBorn (t = bW = bf1fa)lpy, —ppom — Thorn (¢ — BW™)

B FBorn
= [thﬁrCMS(t — bWT = bfifo) — TRWVA(4 — bWﬂPW] (3.101)

Born Born
w

Ty :F%})rn +FI‘>IVLO

Now, let us consider the interference pieces from the third class of topology. The box
diagram cannot have any % enhancement except one loop propagator can be soft,e.g. one
can be a photon in this case.

; ~ Dy(0,0,m?,0, M3, t,0,0, M7, — il'y My, 0)
1

t—sm?—M2, im? 1 JT(1—€)2T(1+e)
mi — M3, il'w My I'(1— 2e)
11 r2y a2 log?(—0¥)
X o 2 )T T :
IR, €IR 1% 2 2

(3.102)

2
where t — m? — M2, means f; and b is back-to-back. Hence, the pure log —F—VQV term is
t w 7

universal and should be cancelled by the real emission (in the soft region) with (pg, +p f)Q =
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2 15
MW

= Real(T'w)
1
= (2 [ daole)ota?) |
(¢ +po)2(a+pp)*((a+pp +p5)* — My, —iTw Mw)
y 1
(pr, +p7)? — My, +iCw My
t—m2—M2, 1 (—2im) / di=tq 1
iCwMw mi — Mg, J 2[4 |q1*(2|q1Mw — iTw Mw)(1 — cos? §)
1 —im 2rt=¢ /ml(—e) /dH g14=?
= ; q ;
iTwMw mi — MZ, T(1—€) T(3 —¢) 2|1 My — iTyw My
1 —ir 2ntm /7l (—e). ( 1 1
g " 7/ — _—
erMW m? - MI%V F(l - 6) P(% — 6) QFWMW €IR
2 Yy
),
T2 R 4
os () 0
- 1
+ MW My Ty My +0()
1 im? T —e)?T(1+e)
= - T
U2, ME mi — M3, I'(1 — 2¢)
1 1 1‘\2 2 1Og2 <—&>
2
x o log (W) 4y A 3.103
€ 61R0g< u2>+2+ 2 ( )

Therefore, Real(T'yy)+loop x m cancels exactly. The universal term of log (—I;i‘g")
is a global prefactor (E—i)e to the leading singularity (i.e. EQL in the above trian-
gle/box examples) of the difference between CMS and NWA virtual /loop /real
amplitudes.

The second class of topology is also the new topology in CMS. There is no such
contribution in NWA because of the on-shell renormalization condition. In order to make
the equivalence between CMS and NWA, we still include loop+UV on the W propagator.
First, let us consider the virtual one. With the exactly same argument in the W production

Note, to gurantee the same phase space point, one should write one W propagator to be

1 . 1
- instead of - .
(q+Pf1+Pf2)2—M‘%V—ZFWMW (pt—pp)2—MZ, —iTyw My,
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case, the result between CMS and NWA are same. The only “exception” can be the photon
in the loop propagator. We will demonstrate that this “exception” is also not an exception
after including the corresponding soft real emission. For this diagram, the difference of the
corresponding UV is beyond NLO level. Let us apply the similar argument in Sec.D. For
example, the loop diagram have

12

M2, — ily My

1
= - i7r2< —vg + 2 —logm + log
€UV

'y —il'w Mw
log — - .
MW MW — erMW

(3.104)

is an extra term in CMS. Moreover, one should also
w
include the W wavefunction renormalization, which is

1 d 1
—%ierwiWQ [/ddq - :|
il'w My dp? ¢*((q +p)? = M, +iTw M) p2— M2, —iTy My
1 1
= —— Ty Myir> [ / dit2q . ] (3.105)
il'w My ¢*((¢+p)* = My, +iTw My )? p2— M2, —il'y My
1 1 1 w2
- iTwMyir? S 924 logm —1
Ty My VT Q02 =Ty My < ar BT ArleT e g —szMw)
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Let us consider the corresponding real emission diagrams

N 1 o
Real(Tyy) ~ (—2i d%q0(q*)6(q>

- dd_1§ 1
= (—2im) o 5 T2 P
a ((p— @)% = My,)" + T3, M,

. d g ddeQ q d—3
- (_QZW)/ 7 2 ’2 2 12
2 4|41 Mg, + Ty, My,

moey/m 1 — 771?_]\/[‘%’)_26 L when I'yy =0
= (—2im) YT~ 9% M, 2 W (3.106)
AMy, T(3 —¢) log ?;:Mv‘;" when T'yy #0

Therefore, Eq.(3.104)+Eq.(3.106)+Real(T'yy)-Real(0) plus mass UV in CMS would cancel
out completely. We should note that when p* = (p; — pp)> = M3, the real emission is
corresponding to EW corrections in the decay process in NWA, while when p? = (pp, +
sz2)2 = MI%V the real emission corresponds to EW corrections in the production process in
NWA. The different two phase space point would also contribute a factor of 2 in the real
emission and it will compensant the factor 2 in the virtual pieces.

In conclusion, we illustrated that : up to NLO QED accuracy, we only need to
calculate the top quark width in NWA up to NLO QED level plus the finite W
width effect via X, 7 TENS(E — bW — bf) F2)|pyy —rsom — TRWA (¢ 5 bW ).

Born Born

3.5.3 NNLO QCD corrections

Similar excercise can be generalized to higher-order, where we consider NNLO QCD correc-
tions, in which we have With the same argument in the previous section, for the factorizable
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topology, we have

F‘l?[})rn(WJr N flfQ)
F]g[})rn + Fl‘}T/LO + F%NLO
IR (Wt = fif2)
P%/an + PII}I/LO + PII}I/NLO

T (W = fif2)
F%})rn 4 Fa/LO 4 F%NLO
F%NLO(W+ — f1f2)
F%})rn + FII}I/LO + FII}I/NLO

F%?rn + FE/LO
F%})rn + FII}I/LO + FII}I/NLO + |AB0“1(
Fla/(')rn
F%})rn 4 Fa/LO 4 F%NLO
= (|ABom(t = bW + |Axro(t = bW + X)) + [Axnro(t — bW T + X)?)
—F%NLO

P%})rn + PII}I/LO + PII}I/NLO

—FII}I/LO _ PII}I/NLO
F%})rn 4 Fa/LO 4 F]l)IVNLO
= (|ABom(t = bW + |Axro(t = bW + X)) + [Axnro(t — bW T + X)?)
+ O(@"ad,n+m >4). (3.107)

thﬁ{\ABom(t — bW )2

CVOW™ = fifs + X)

P%})rn + PII}I/LO + Pl‘}l/NLO
oW = fif2)

F%)rn 4 FI\V{/LO 4 F%NLO

+ [Axpo(t = W' 4+ X)? + | ABorn(t = BWT))?

+ [Axnpo(t = bW T + X)|? + [Axro(t — bW + X)|?

+ | Ao (t = bW + X)|?

F{]?{;)rn + Fg/LO + F%NLO
F{I}[})rn 4 F‘I}T/LO 4 F%NLO

= |Anpo(t = W' + X)? t— bW )2

+ |AnnLo(t — bW T + )(')|2

+ |AnLo(t — bW + X)’Q

+ |Annpo(t — bW + X)?

Hence, the finite width effect at NNLO level in general would be

DRV = f1a) + TNV = f13)
F%ﬁ)rn 4 FE/LO 4 I‘%NLO
1 _ _
o) (M = ARIE + AoV 5 Af)P)
w
'y My
2

{Zflﬁ\AB(,m(t — bW )2 (

+ /d<I>(W+ — fife+ X)P (

0

2
- [awove = g 5(r? — M2) (apQ) Apom (W — m)\?) L O n 4 m > 4)

rBom(W+ — f1fo) + TREO(WH — f1fa)
Fl‘?‘/(-)rn + Fl\vgJO j_ _|_1—\I‘>[T/NLO

TRom(W+ — f1f2)

F%})rn 4 F%LO 4 F%NLO

1 _

) Ao (W — 2

e ) MV = A7)
LR (W = fifs)

F%})rn 4 FI\V{/LO 4 F%NLO

= 25, Al BomenLo(t = OW ' = 0fi fo+ X)|p, _ppom o — TS NLo(t = D). (3.108)

— %} 7, ABorm(t = bW )2

+ {thfQ‘.ANLO(t — bVV'i')|2 <

+ /dcb(W+ - flfQ)P<

— 3, pMANLO(t = BWT)[?

However, because of I'i™ ~ O(«a) only, such finite width effect need at least one EW/QED
corrections,i.e. at NNLO level, it only appears when performing NNLO EW/QED cor-
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rections or NLO QCD®NLO EW/QED corrections. In the later case, one just replace
NLO=NLO QCD+NLO EW/QED and NNLO=NLO QCD&NLO EW/QED.

4. Finite width effects at NNLO QCD level

4.1 top quark decay width

4.2 W production in hadronic collisions

4.3 Z production in hadronic collisions

5. SMWiptH: A package for calculating decay widths of particles in the
Standard Model with NNLO QCD and NLO EW accuracy

5.1 A quick guide

5.2 Illustrative results

The parameter setup in a(My) renormalization scheme is:

Parameter value ‘ Parameter value
G, 1.1987498350461625 - 107 | a(Mz)~! 128.930
my 173.3 " 173.3
My, 80.419 My 91.188
My 125.0 Vs 5

We have presented the widths for W, Z and top quark from SMWIDTH in «o(My)
renormalization scheme in Tab.1, where we have defined

Tw =T3P (1 + bag + 0o + Om,)

Ty =T% (14 6as + 0+ 0m,),
Ty = IO (14 Gag + 6 + Omy + 01y, ) - (5.1)
Here, dug,0,m 1y represent the QCD corrections, EW corrections, finite fermion mass effect
and finite width effect respectively. For the renormalization of ag(ug), we have setting pr

to be the mother particle’s mass. In the finite fermion mass effect, we have taken them to
be:

Parameter value ‘ Parameter value
mp 4.49 me 1.42
m, 1.77684 my, 0.105658367

Similarly, in the G, renormalization scheme, we use the same parameter setup except
using

Gy =1.16639- 107" — ag = 132.23. (5.2)

The corresponding results are presented in Fig.2. To the Z boson width, the contribution
from Z — W= f, fo is negeligible because of the phase space suppression.
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| TXO[GeV] dag (%) da (%) Om, (%) dry (%)

W+ 2.10490 2.55 —-3.51 —0.0238 -
Z 2.51376 2.61 —3.34 —0.0374 -
t 1.54624 —858 —1.41 —0.239 —1.58

Table 1: The widths calculated by SMWIDTH in a(Myz) renormalization scheme.

| TR0 [GeV] bug (%) 0o (%) Om, (%) Ory, (%)

W+ 2.04808 2.55 —0.364 —0.0238 -
A 2.44591 2.61 —-0.197 —0.0374 -
t 1.50450 —8.58 1.68 —0.239 —1.54

Table 2: The widths calculated by SMWipTH in G, renormalization scheme.

— 37 —



A. 2-point scalar integrals
In the physical region,i.e.
p? = p? +i0,m? — m? — 0, (A.1)
we have
my
= Bo(p?,mi, m3)

ma

1
1 i~ 1
_ M2€{+2—1og(p2+i0)+z [%log77 —10g(%—1)]}7 (A.2)

cuv i=0

i
where 7y and ~; are the two roots of the quadratic equation

(1 =7)p* +ym3 + (1 = y)mi =0, (A.3)
which are

_ PP —mi 4 mi + (2)'V AP, mi, m3)
2p? ’
Ma, b, c) = a® + b* + ¢* — 2ab — 2ac — 2bc. (A.4)

i

Without losing generality, we can assume mj > mg. For the relevat to the complex mass
scheme, we have

Rp® > 0,Rm?2 > 0,3Im? <0, (A.5)

and Sp? < Rp?, Im? < Rm?.

The critierion is that p? 4+ i0 — p? — i0 will not flip the sign of the imaginary part of
the loop integral.

Case 1:

RA(p?, m2,m3) > 0,i.e.Rp? > (Rmy + Rma)? or Rp? < (Rmy — Rmy)?. (A6)
Case 1.1, when
Rp? < (Rmy — Rmy)?, (A.7)

we have

g0~ 1 _ 3%(m1 —ma)(my + ma) — p? + V/A(p2, m?, m3)

> 0,
Y0 (m1 —ma)(m1 + ma) + p? + /A(p2, m}, m3)
_ RS Wt s s iy
Ripg — 1) = p T = m2)(m m2)2p2p EVARL L) (A.8)
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and

=L _ (= ma)(mi +mo) —p® — VAP mi m3)
g (m1 —ma)(m1 + ms) +p2 —VA(p?,mi,m3)
_ 3 2 2
%(,71 o 1) _ %(ml )(ml + m2) )‘(p 7m1?m2) 2 0.
2p2
Hence, in this case, logarithm is the normal one.
Case 1.2, when
Rp® > (Rmy + Rma)?,
we have
m% - m% _p2 < - )\(pQ,m%,m%)
1
— §R’YO 2 57%70_]—§07
and
mi —m3 +p* > \/A(p?,m}, m3)
=Ry >0,Ry—1<0.
If Rp? > 2(Rm? + Rm3), we have
1
= Z %’71 Z 07
2
while Rp? < 2(Rm? + Rm3), we have
1> Ry > 1
Z 1 = 9
We can also expand the imaginary part to the first order,i.e.
Svo = —%’YO\SPQ Smi — i;mé +3p* : g(ﬁm;imi) _
Fp 2¥%p 28p \/)\(§Rp , Rmy, Rm3)

where

g(a,b,c) =SaR(b+c—a)+ SbR(a+c—b) + ScR(a+b—¢)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

In this case, the logarithms should be generalized to log™ defined in Eq.3.59 only when

the sign of the imaginary part is determined by the imaginary part of Sp?. This condition

makes it is easier to use the 3p? expansion only. However, in Standard Model, we have such

condition only happens when ¢t — W + b, where we have Sm3 = 0 and R®m3 < Rm?, Rp?.

Then
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where it is appropiate that take log — log™ when p? 4+ i0 — p? — 0. Similarly, we have

Ce2 o2 _ Cxon2 1 Cep2 2 2 2
S =% \Sp2 + \sm; O 5 9p ,n;l,mzz) = (A.18)
Fp 2%p 2Rp \/)\(§Rp ,fm7i, Rm3)
In Standard Model, we have m? > 2m12/v,i.e. % > Rvy1 > 0, then
Sp? %m%
Sy =R+ —, A.19

which were made to be very complicated. In ®m2 < Rm?, Rp?, then Ry; — 0 and one
just applies the normal logarithm to the logarithms of ~; related.

Case 2:
ARP?, Rm?2, Rm3) < 0,i.e.(Rmy — Rmp)? < Rp® < (Rmy + Rmo)?. (A.20)
Case 2.1:
(Rmq — Rmy)® < Rp® < (Rmi — Rm3)
— Ry > 1, Ry > 1. (A.21)
Case 2.2:

(?Rm% — ?Rm%) < Rp? < (Rmq + S%mg)Q
S 0< Ry <1,0< Ry < 1. (A.22)

In all above cases, the logarithm should be the normal log since the imaginary part is

determined by the real part of p?, m?, m3.

B. Dangerous in Taylor expansions of renormalization constant in Com-
plex Mass Scheme

As proposed in Ref. [15], one can avoid the complication of choosing Riemann sheet if
one expands the self-energy function X (p?)|,2_,pr2_irar via Taylor expansion of p* — M?
and keep the first two expansion terms, while the remaining terms are thought as higher-
order terms since O(1;) ~ O(a). However, the simply using of such techniques might be
dangerous in some sepcific cases when one loop propagator can be soft and it makes the
other loop propagator on-shell. For example, for W self-energy, we have

2 2 .
~ BO (p 707 MW - ZFVV*]\JVV) ’p2—>M3V—ZTwMW

1 2

. 9
= —_— 2 — —1 1

LT LUV + ( YE og T + log MV2V — ZTWMW)

p2 — MI%V + ierW M&V - ierW — p2
N 2 S VR S Y
p W w W p2— M2, —iTy My,

2| Ly (2 log 7 +1 s (B.1)

= 1T _— — — 10g T O . .
eov T e T T O 2 Dy My

40 —



However, in the Taylor expansion, we have

By (M, +10,0, My, — il'w M)
+(Mjy —iTw Myw — M) By (92,0, My — iTwMw) |2 022 +io
+0O (M, — iTw Mw — Mg,)?). (B.2)

The difference between Eq.(B.2) and By (M§, — iT'w My, 0, M3, — iT'yw My) would be

_7T21"W [MW — 'y log (—%)} o << Ty >2>

M2, My

_ WEW‘:V Lo <<Z\F4VVVV>2> | (B.3)

which means they are not the same up to O ((%)) The problem comes from the

p?—MZ, +il'w My lo M2, —il'yw My —p?
P2 & TMZ, iy My
R p— when p? = M2,. Hence, one should also include the
Uy My w ’

the term

. Because the derivation of the logarithm will

: 1
result in NI Ty My

higher-order expansions from the above Taylor expansion Eq.(B.2). If we expand it up to
the next term, i.e.

By (M + 10,0, Mgy, — iTw Mw)

+(Mjy — iTw Myw — M) By (9%, 0, My — iTwMw) |2 012 +i0
(M2, — iTw Mw — M3,)?

+ 5 By (0, My — iTw Mw) |21, 140
+0 (Mfy — iTw My — M,)?). (B.4)

In this case, the difference between Eq.(B.4) and By (MI%V —il'wMw, 0, M%V — zTWMW)

would become
2Ty T \2
- O — . B.5
2Myy * (MW> (B:5)

In general, if one expands to O((M3, — il'w My — M,)"), the difference would reduce to

—Z?ZVV +0 ((%)j . (B.6)

Hence, only when one includes all order Taylor expansion, one can get the correct result

for the UV renormalization constant in complex mass scheme.
This fact is indeed has been noticed in the Erratum of Ref. [15], where it was proposed
to use two methods to cure it:

1. Do not expand the counterterm Z(p2,M§V — il'w My ) at least for diagrams with
photon or gluon exchange.
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2. Add the missing term back to the expanded counterterm.

Hence, the Taylor expansion method can be used directly only satisfy the following two
conditions

1. The width is O(«) and its coefficients to the coupling constant « is O(1), where « is
the perturbative expansion coupling constant we are considering. In other words, it
will not be applied if the width is not small, e.g. the Higgs boson with mass larger
than 400 GeV.

2. There is Feynman diagrams with branching cuts at p? = M? —iI'M, which is the case
when one loop propagator can be soft and the other loop propagator can be on-shell
(at the level no width effect or ¢> — M?).

C. A general strategy for choosing Riemann sheet

We propose a general strategy for choosing a correct Riemann sheet in UV /logarithms
without the Taylor expansion as proposed in Ref. [15]. The necesscity to do so relies on
the motivation for a general implementation of complex-mass scheme in SM and BSM. It
based on the fact that the logarithms are in the first Riemann sheet if one is in the physical
region, i.e. in

p? = p? +i0,m? — m? — 0. (C.1)

Let us consider a general case log f({p?}, {m? — iyim;}, u? — i0). The choosing of the Rie-
mann sheet in principle depends on all scales enters into function f. Hence, in general,
based on the mass spectrum, the log should be changed to log™,log™ or the normal log-
arithm (in the first Riemann sheet). For simplicity, first let us assume the real part of
fp2}, {m? — iTym;}, p* — i0) will not change from p? = M? +i0 to p? = M? — il';M;,
which is the usual case when I'; < M;.1® In this case, one can always use f({M? +
i0}, {m? — irym;}, u? — i0) as a reference. One should use log™ only when one encounters
the following two cases with the real part Rf({M? + 0}, {m? — ivim;}, p? — i0) < O:

1. when Sf({M? + 0}, {m? — iv;m;}, u*> — i0) is negative and
SfME —iT; M;}, {m? — irym;}, u? — i0) is positive, one should continue log to log™;

2. when Sf({M? +i0}, {m? — iyym;}, u? — i0) is positive and
Sf({M? — il M;}, {m? — irym;}, u? —i0) is negative, one should continue log to

log™.

5For a compicated cases when RF({MZ +i0}, {m? — iysm;}, p® — i0) and
RF{MZ —iT:M;}, {m? — iyim;}, p* —i0) are not in same sign. One should in principle use another
reference p? in the physical region.
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D. Cancellation of alog’ between virtual and real

As we already discussed in section 3.4.2, after combing loop+UV=virtual, there are still
remaing « log I'yy terms, which might spoil the perturbation convergence since I'yy is small.
In this section, we will illustrate that such logarithms will be cancelled by including the
real emission contributions. For example, we have

2R

W, on — shell W, on — shell
w

1 , , 2im?
By (M, + 0,0, My, — iCw Myy) ~ ~ log Ty (D.1)

~o—
Ty My 2,

Correspondingly, in the real emission, we have

P =My p—q

1 1
(p—q)? — M, +ilwMw (p — q)? — M, —il'w My

~ (—2im) / d'q0(4°)6(¢%)

. d3q 1
= (—2im) —2|_1 5 RV R
a ((p—q)? — M3)" + T}, M3,

d|d|ds 2
g oft (—m)/ [ . 2“71 s~ ——log Ty, (D.2)
2 4|q2MZ, +T2,M2, M2,
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and

pP=M: q+p

~ (~2im) / 2440(¢")5(¢?) . !

(q+p)? — ME +ilwMw (q+p)? — M2, — il'yw My

4 B3q 1
= (=2im) | —= 5
2141 (g +p)? — M2,)” + T2, M2,
q soft . d|(j'|dQ \(ﬂ im?
~ (=2im) 21/2 2 2~ 2
2 AqEMZ + T3 M2, M2,

log 'y .

Therefore, the log I'yy cancels in Eq.(D.1)+Eq.(D.2)+Eq.(D.3). We would like to emphasize

that Eq.(D.2) and Eq.(D.3) represent two different phase space regions.

Similarly, I would expect that the log I'yyy term would cancel in

W, on — shell

— NN/
2R .
— N \NN\NNNN——
7, soft
W, on — shell W, on — shell
+
W, on — shell W, on — shell
+
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and in

W, on — shell W.on — ShIe/[ﬁ

W, on — shell

PP =M q+p

W, on — shell

W, on — shell

W, on — shell
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E. Cross Checks

E.l etv, =Wt — putuy,
E.1.1 Non-resonance region

As we already discussed, in a 2 — 2 process, there is no imaginary part in the Born
amplitude. Hence, the cross check for the real part of virtual is a trivial cross check. We
have shown it in Fig.2. The symbols in Fig.2 are defined as

CMS CMSx*
2§FEAVirtua1‘A

Born

NWA |2 ’
Qew ‘ 'ABorn

NWA NWA x
NWA = 2§FE"LlVilrtual‘ABorn
- NWA |2 ’
aeW‘ABorn

diff = (CMS — NWA) /ey (B.1)

CMS =

We define the following notations for comparision between the results in CMS and
NWA:
NWA 2 CMS CMS
CMS x aeW|AB0rn = 2S‘AVirtual‘ABorn*‘52«520,5Sw=0
CMS CMS
+ 2%"LlBorn (ABorn*|(FW:O in W propagator only))7

NWA X e [ ABI > = 23 AT AR

Born Born >

diff = (CMS — NWA) /ey (E.2)

E.1.2 Resonance region:c-offshellness method

We define the following notations for comparision between the results in CMS and NWA:

CMS = 2R (AN 1) AENS* /oy,

Born
2
. €
W= W
diff = (CMS — NWA)/Qrews, (E.3)

where the virtual amplitudes in CMS and NWA have been excluded the corresponding
photon exchange diagrams in Egs.(D.4,D.5) and add the piece Bo(M3, —il'w My, 0, M3, —
ilw My) — BO(MVQV, 0, M2, —il'w M) in W mass renormalization constant.

Due to the reason that in the numerical calculations, it would be quite difficult to keep

the very small offshellness, here we can not get the consistent result between CMS and
NWA.

E2 ete” = Z/v* = putu~
E.2.1 Non-resonance region

For the trivial cross checks with the symbols defined in Eq.(E.1) are presented in Fig.9.
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Figure 2: Trivial cross checks of the real part of the virtual for eTv, — W+ — uTv,, in the
non-resonance region with the correct LO width F{j&j (upper-left pannel), with the normal
logarithm (upper-right pannel), with the width 'y = 1.2FI‘7[9 (lower pannel).

The remaining cross checks we define the following notations for comparision between
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Figure 3: Cross checks for etv, — W+ — utu, in the non-resonance region with the
correct LO width F%/O.

the results in CMS and NWA:

NWA 12 _ o 4CMS CMSx
CMS x aeW|‘ABorn - 2‘9‘/4Vir‘cueJL1"4B0rn |5Ze:0765w:0
o~ gBorn CMS*
+ 2‘YAVirtual ('ABorn ’(FZZO in Z propagator 0nly))7
NWA 12 _ ogcx ANWA NWAx
NWA x aeW|‘ABorn - 2‘S'AVirtual*ABorn ’

diff = (CMS — NWA) /ey (E.4)

E.2.2 Resonance region: c-offshellness method

Similarly, we have the following notations for comparision between the results in CMS and
NWA:
CMS = 2R(AViar) Aborn /Cew
&2
TZ M2’
diff = (CMS — NWA)/cew, (E.5)

NWA = 2RAVWA ARWA* /o X
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Figure 4: Cross checks for etv, — W+ — utu, in the non-resonance region with the
wrong LO width,i.e. I'y = 1.2I'59.

where the virtual amplitudes in CMS and NWA have been excluded the corresponding
photon exchange box diagrams at least with one Z like

e 7 M

R (VAVAVAV VR

E.3 etv, — tb— WTbb
E.3.1 Non-resonance region

For this 2 — 3 process, the direct comparison between CMS and NWA of the real part
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Figure 5: Cross checks for etv, — W+ — utu, in the non-resonance region with the
correct LO width but using the normal logarithms.

in the amplitude squred would not be a trivial cross check. Hence, we can defined the
following variables:

CMS = [2R(AViaABom ) + Aol — 4Bt 7] / (@ewlABoin I*)
NWA = 2R (AW N ABorn )/ (Qewl ABorn I°) -
diff = (CMS — NWA) /ey, (B.7)

Because the resonance in this process we want to check is the top quark resonance only'”,
we take all of the widths except top quark are zero. Especially, since W™ is a final state,
we should take it to be stable (i.e. I'y = 0) in order to maintain the unitarity of the
amplitude. In Fig.15, we perform a direct comparison with the UV CTs in CMS but
taking I'yy+ 7 .o g+ = 0. Apparently, CMS is not equal to NWA when I'y, dtewy — 0. The
reason because one should take the NWA form (i.e. take the real part of it) of W mass and
wavefunction renormalization constant and Z mass renormalization constant and Weinberg
angle s, ¢, renormalization constants instead of the CMS ones.

T There is also Z resonance, which we have etve > WHtZ — Wob.
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Figure 6: Cross checks for eTv, — W+ — uTv,, in the resonance region with the correct
LO width F{jé) (left pannel) and Ty = 10.*2 X FI%) (right pannel), where we take the
offshellness to be ¢ = p? — MI%V =10"?x Iy My

Ed4ud =Wt +y—=etv, +7

Similar to the Eq.(E.7), we can directly compare the following variables

CMS = [2R(AViaABom ) + Aol — [4Bot 7] / (@ewlABorn )
NWA = 2R(AGN Ao )/ (ewl ARt ) -
diff = (CMS — NWA) /0oy (E.8)

Here, we don’t need to take any special treatment because all of the final states are stable
states.

E.4.1 Non-resonance region

E.5 ut — Z/v*+v —ete” +7v

E.5.1 Non-resonance region

Similar to the Eq.(E.7), we can directly compare the following variables

CMS = [2R(AGhta Ao ) + [ABom|* — [ABorn ]/ (ew ARG )
NWA = 2R (AR ABom )/ (CewlABotn °)
diff = (CMS — NWA) /ey (E.9)

Here, we don’t need to take any special treatment because all of the final states are stable
states. Here, one can take W’s width to be zero only when its mass renormalization constant
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Figure 7: Cross checks for eTv, — W+ — uTv,, in the resonance region with the correct
LO Width.F{j&) but using the normal logarithms, where we also take ¢ = p? — MI?V =
1072 x Im My,

as well as ds,,0¢y, to be in the NWA case (i.e. take the real part to the corresponding W
mass renormalization in 0sy,,0¢y). In order to avoid this problem, we keep the exact LO
W width as well as the LO Z width.

E.6 etv, — puty,bb
E.6.1 Non-resonance region
Similar to the Eq.(E.7), we can directly compare the following variables

CMS CMSx* CMS NWA NWA
CMS = [2%(AVirtualABorn ) + ’ABorn 2 - |~AB0rn 2] / (aeW|~AB0rn 2)

NWA = 25 (AVNALARI )/ (e AR )

Born Born

diff = (CMS — NWA)/teny. (E.10)
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Figure 8: Cross checks for e*v, — W' — ptu, in the resonance region with the cor-
rect LO width T'k9 without adding the term Bo(M32, — il'w Mw,0, M3, — il'yw My) —
Bo(ME,,0, M2, —ilyw My) in W mass renormalization constant.

Here, we don’t need to take any special treatment because all of the final states are stable

states. Because there are top quark, W and Z resonances, we keep the exact LO Z, W, and

top quark widths here.

E.7 g9 — ptvbuvub

E.7.1 Non-resonance region

Similar to the Eq.(E.7), we can directly compare the following variables

CMS = [2R(AGNSAGS"
NWA = 2R (AViinaABorn

) + [ ABsml” — [ABowm 2] / (Gtew|ABorn )
)/(aew|"4g(\)¥1{;\ 2)7

diff = (CMS — NWA)/ctew.

(E.11)
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Figure 9: Trivial cross checks of the real part of the virtual for ete™ — Z/y* — utp~
in the non-resonance region with the correct LO width I';° (upper-left pannel), with the
normal logarithm (upper-right pannel), with the width 'y = 1.2I'}° (lower pannel).

Here, we don’t need to take any special treatment because all of the final states are stable
states. Because there are top quark, W and Z resonances, we keep the exact LO Z, W, and

top quark widths here.
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Figure 10: Cross checks for ete™ — Z/v* — p*p~ in the non-resonance region with the
correct LO width FIéO.

E.8 by — ptybp~ o,

E.8.1 Non-resonance region

Similar to the Eq.(E.7), we can directly compare the following variables
CMS = [2R(AVia Ao ) + [ABorn | — [ABorn 7] / (@ewlAforn I*)
NWA = 2R (AN ABea ™)/ (ew | ABSR )

Born Born

diff = (CMS — NWA) /ey (E.12)

Here, we don’t need to take any special treatment because all of the final states are stable
states. Because there are top quark, W and Z resonances, we keep the exact LO Z, W, and
top quark widths here.
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Figure 15: Cross checks for etv, — tb — WTbb in the non-resonance region with the
correct LO width I‘%O but not taking real part to W, Z renormalization constants.
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Figure 16: Cross checks for etv, — tb — WTbb in the non-resonance region with the
correct LO width T}©.
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Figure 17: Cross checks for e*v, — tb — Wbb in the non-resonance region with the wrong
LO width,i.e. Ty = 1.2T'}©.
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Figure 18: Cross checks for etv, — tb — WTbb in the non-resonance region with the
correct LO width but using the normal logarithms.
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Figure 19: Cross checks for etv, — tb — WTbb in the non-resonance region with the
correct LO width without Born contributions.
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Figure 20: Cross checks for ud — W+ +~ — etv, + 7 in the non-resonance region with
the correct LO width I’I‘j[?.
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Figure 21: Cross checks for ud — W+ 4+~ — eTv, + 7 in the non-resonance region with
the wrong LO width,i.e. I'yy = 1.2I‘I;‘9.
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Figure 22: Cross checks for ud — W+ 4+~ — eTv, + 7 in the non-resonance region with
the correct LO width but using the normal logarithms.
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Figure 23: Cross checks for ud — W+ +~ — etv, + 7 in the non-resonance region with
the correct LO width without Born contributions.

— 68 —



diff

-6.5 —a CMS g
C. ~—a NWA
_6.6k i
n
]
3
© —-6.7F R
>
_6_8k i
-6.9} o o o .
10° 102 10 10°
-22.0f e g
diff=(CMS-NWA)/alpha
-22.5}
-23.0f
£ —23.5¢
© _24.0t
-24.5}
-25.0
-25.5} o o L g
10° 10° 10" 10°
Fraction of alpha and width
- 1
-6.9 T -6.4 T
70 o | Qs 1 CMS
- i NWA b NWA
g -12 § -66
g3 g
6.7
-14
-15 -6.8
10° 10"1 160 10° 10"2 10"1 160
— ‘ 5000 — ‘
0 — d|ff=(CMS-NWA)/aIphaL — diff=(CMS-NWA)/alpha
4000
-1000 3000
2000 5
1000
-3000 )
-4000 | | -1000 | | |
10° 10? 10° 10° 10° 10" 10°

Fraction of alpha and width

Fraction of alpha and width

Figure 25: Cross checks for utt — Z/v* + v — ete™ + 7 in the non-resonance region with
the wrong LO widths, i.e. I'z = 1.2I'}° (left pannel) and I'yy = 1.2I'49 (right pannel).
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Figure 26: Cross checks for utt — Z/v* + v — e*te™ + v in the non-resonance region with
the correct LO widths but using the normal logarithms.
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Figure 27: Cross checks for utt — Z/v* + v — ete™ + 7 in the non-resonance region with
the correct LO widths without Born contributions.
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Figure 28: Cross checks for etv, — /ﬁuubg in the non-resonance region with the correct
LO widths T'}°, T'HO and T'}F.
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Figure 29: Cross checks for eTve — pTv,bb in the non-resonance region with the wrong
LO widths, i.e. Ty = 1.2I'F© (upper-left pannel), Ty = 1.211%9 (upper-right pannel) and
I'z = 1.2I'%° (lower pannel).
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Figure 30: Cross checks for etv, — /ﬁuubg in the non-resonance region with the correct
LO widths but using the normal logarithms.
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Figure 31: Cross checks for etv, — /ﬁuubg in the non-resonance region with the correct
LO widths without Born contributions.
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Figure 32: Cross checks for gg — /ﬁyﬂb/fﬂug in the non-resonance region with the correct
LO widths T'}°, T'H9 and T'}F.
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Figure 33: Cross checks for gg — ;ﬁyub,u_ﬂul; in the non-resonance region with the wrong
LO widths, i.e. Ty = 1.2I'F© (upper-left pannel), Ty = 1.211%9 (upper-right pannel) and
I'z = 1.2I'%° (lower pannel).
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Figure 34: Cross checks for gg — /ﬁyﬂb/fﬂug in the non-resonance region with the correct
LO widths but using the normal logarithms.
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Figure 35: Cross checks for gg — /ﬁyﬂb/fﬂug in the non-resonance region with the correct
LO widths without Born contributions.
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Figure 36: Cross checks for by — pu*v,bp~ 7, in the non-resonance region with the correct
LO widths T'}°, T'H9 and T}FO.
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Figure 37: Cross checks for by — p*v,bu~ v, in the non-resonance region with the wrong
LO widths, i.e. Ty = 1.2I'F© (upper-left pannel), Ty = 1.211%9 (upper-right pannel) and
I'z = 1.2I'%° (lower pannel).
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Figure 38: Cross checks for by — p*v,bp~ 7, in the non-resonance region with the correct
LO widths but using the normal logarithms.
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Figure 39: Cross checks for by — pu*v,bp~ 7, in the non-resonance region with the correct
LO widths without Born contributions.
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